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We investigate an entanglement purification protocol with double-selection process, which works under
imperfect local operations. Compared with the usual protocol with single selection, this double-selection
method has higher noise thresholds for the local operations and quantum communication channels and achieves
higher fidelity of purified states. It also provides a yield comparable to that of the usual protocol with single
selection. We discuss on general grounds how some of the errors which are introduced by local operations are
left as intrinsically undetectable. The undetectable errors place a general upper bound on the purification
fidelity. The double selection is a simple method to remove all the detectable errors in the first order, so that the
upper bound on the fidelity is achieved in the low-noise regime. The double selection is further applied to
purification of multipartite entanglement such as two-colorable graph states.
DOI: 10.1103/PhysRevA.80.042308 PACS numbers: 03.67.Hk, 03.67.Pp
I. INTRODUCTION
Recently a number of protocols based on entanglement
have been developed in quantum communication and com-
putation. For example, bipartite entanglement is employed in
quantum teleportation, superdense coding, quantum cryptog-
raphy, and quantum repeater 1–4. Multipartite entangle-
ment is further utilized in cluster state computation, quantum
error correction, and multiparty cryptography 5–7. The per-
formance of these entanglement-based protocols highly de-
pends on the fidelity of entangled states. That is, high-fidelity
entangled states are essential for secure communication and
reliable computation. In this viewpoint, it is a very important
task to prepare and share high-fidelity entangled states.
Entanglement purification is a way to share high-fidelity
entangled states via noisy communication channels. It was
proposed originally to share Einstein-Podolsky-Rosen EPR
states 8,9, and then extended for a large class of multipar-
tite entangled states, including the Greenberger-Horne-
Zeilinger GHZ states, two-colorable graph states, stabilizer
states, and W states 10–16. In a situation with noisy chan-
nels but perfect local operations, one may prepurify initial
states with a recurrence protocol, which has a high threshold
for the noise of the communication channel, but gives a low
yield of purified states. Then, a hashing protocol may be
implemented to get pure entangled states with a nonzero
yield. The hashing protocol, however, breaks down as soon
as local operations become slightly imperfect 12. The en-
tanglement purification under imperfect local operations was
first analyzed in the context of quantum repeater 4, where
the usual recurrence protocol 8,9 is adopted. The fidelity of
purified states is indeed limited by the imperfection of local
operations, and noise thresholds exist for successful purifica-
tion. This is clearly distinct from the cases such as a hashing
protocol where perfect local operations are assumed. One
should confront the problem that errors are introduced inevi-
tably by local operations themselves for purification even if
the initial impurity is diminished. Thus, in order to realize
entanglement-based protocols by using practical devices,
which inevitably have imperfections, we need to develop pu-
rification methods which work well with noisy local opera-
tions.
In this paper we investigate an entanglement purification
protocol with more accurate postselection through double
verification process, which works under imperfect local op-
erations. Compared with the usual protocol with single se-
lection 4,8,9, this double-selection method has higher noise
thresholds for the local operations and communication chan-
nels and achieves higher fidelity of purified states. It can be
shown on general grounds how some of the errors which are
introduced by local operations are left as intrinsically unde-
tectable. This limitation on the achievable fidelity due to the
undetectable errors is applicable to a wide variety of purifi-
cation protocols 4,8–17. The double selection is indeed a
simple method to remove all the detectable errors in the first
order, so that in the low-noise regime the purification fidelity
reaches the general upper bound which is placed by the un-
detectable errors. It may be considered that the elaborate
postselection decreases the yield of purification by consum-
ing many resources. However, this is not necessarily the
case. The double-selection protocol provides a yield compa-
rable to or even better than that of the single-selection pro-
tocol. This is because the double selection increases the fi-
delity faster by removing more errors in each purification
round. The double selection is also applicable to purification
of multipartite entanglement such as two-colorable graph
states 11,12.
The rest of the paper is organized as follows. In Sec. II we
investigate the double selection in the bipartite entanglement
purification. The performance of the double-selection proto-
col is analyzed and compared with that of the usual protocol
with single selection. In Sec. III the upper bound on the
fidelity is discussed in terms of the intrinsically undetectable
errors, which are introduced by local operations. This bound
is really achieved by the double-selection protocol in the
low-noise regime. In Sec. IV the double selection is applied
to the multipartite entanglement purification, where the Ste-
ane seven-qubit code is investigated as an example of two-
colorable graph states. Section V is devoted to conclusion.
Detailed calculations of the transition probability tensors to
characterize the purification maps are presented in the
Appendix.
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II. BIPARTITE ENTANGLEMENT PURIFICATION
A. Single selection
We first review the usual recurrence protocol for purifica-
tion where the single selection is made 8,9. This protocol is
implemented by using two noisy copies of an EPR pair, a
bilateral controlled-NOT CNOT gate, and a bilateral mea-
surement in each round of purification. Here, a bilateral op-
eration means a tensor product of two identical local opera-
tions which are simultaneously implemented by the two
parties: Alice and Bob. The purification procedure is specifi-
cally described as follows see Fig. 1:
i Alice and Bob share two identical EPR pairs 0 and
1 through a noisy quantum channel.
ii They operate a bilateral CNOT gate on 0 and 1 as
the control and target qubits, respectively.
iii They bilaterally measure 1 in the Z basis 0 , 1
and obtain the measurement outcomes ma Alice and mb
Bob.
iv They keep 0 if the measurement outcomes coincide
as ma=mb. Otherwise, they discard 0.
A single bilateral operation determines whether 0
should be kept or discarded, namely, the single selection.
Alice and Bob iterate procedures ii–iv by using the output
states which survive the selection in procedure iv as the
input states for the next round of purification where the di-
rection control and target of the bilateral CNOT gate is in-
verted, and the measurement is made in the X basis Oxford
protocol 9. This inversion round by round may be done
mathematically by applying a Hadamard transformation per-
fect by itself on each qubit to exchange the bases of the
reference frame as X↔Z.
The noisy EPR pairs 0 and 1 are given as two copies
of a Bell-diagonal state ,




where the Bell states are
i 
 ii , 2
i = i  000 + 11/2, 3
with 0= I and the Pauli operators i i=1,2 ,3. In the rest
of this paper, we simply use the term “EPR pair” to denote a
noisy EPR pair as a Bell-diagonal mixed state, which passes
through some noisy quantum communication channel and
purification procedure. The above purification procedure
generates a transformation of the input Bell-diagonal  with
the state vector F= F0 ,F1 ,F2 ,F3 to another Bell-diagonal
 with the state vector F= F0 ,F1 ,F2 ,F3, even when the
Pauli noise is introduced for the local operations. The imper-
fect CNOT gate, which is operated locally by Alice, is de-
scribed as a sequence of a perfect CNOT gate operation U and
a two-qubit deporalizing noise with error probabilities pij as
NU0,1 = 	
ij
piji   jA  1BU0,1i   jA  1B,
4
where U0,1=U0 1, p00=1− pg with pg=	ij00pij, the
Pauli operators i jA act on the control and target qubits
at Alice, respectively, and 1B indicates the identity operator
acting on the qubits at Bob. The imperfect CNOT gate oper-
ated by Bob is described in the same manner. The imperfect
measurement of a qubit in the Z basis is described by
positive-operator-valued measure POVM elements with an
error probability pm as
E0 = 1 − pm00 + pm11 , 5
E1 = 1 − pm11 + pm00 . 6
The X measurement is also described by E+=HE0H and E−
=HE1H with a Hadamard transformation H.
Given these imperfect operations, the purification map in
the R4 space
F = SF 7













is the success probability responsible for the normalization
	iFi=1. The transition probability tensor Si
jkpab , pm is cal-
culated in the Appendix including the error probabilities of a
CNOT gate pab and a measurement pm. The maximum
achievable fidelity of purified states is determined by iterat-
ing the purification map.
B. Double selection
The double-selection protocol is implemented by using
three noisy copies of an EPR pair, two bilateral CNOT gates,
and two bilateral measurements in each round of purification,
as described in the following see Fig. 2:
i Alice and Bob share three identical EPR pairs 0, 1,
and 2 through a noisy quantum channel.
ii They operate a bilateral CNOT gate on 0 and 1 as
the control and target qubits, respectively.
iii Next they operate a bilateral CNOT gate on 2 and
1 as the control and target qubits, respectively.
iv They bilaterally measure 1 and 2 in the Z and X








FIG. 1. Bipartite entanglement purification with single
selection.
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Similarly to the single-selection protocol, Alice and Bob
iterate procedures ii–v by using the output states which
survive the selection in procedure v as the input states for
the next round where the X and Z bases of their reference
frames are exchanged by a Hadamard transformation.
The above procedure provides a purification map
F = DF , 10
which is given by cubic combinations of the initial-state













The transition probability tensor Di
jklpab , pm is calculated in
the Appendix.
The double selection by the elaborate error detection with
two ancilla EPR pairs can remove errors more efficiently
than the single selection, as will be explained in Sec. III. This
improves significantly the achievable fidelity and the noise
threshold. Here, it should be mentioned that the purification
protocol for large two-colorable graph states 12 also uses
three copies of a state and two multilateral CNOT gates. In
spite of this apparent similarity, the protocol of Ref. 12 is
essentially different from the present double selection. In the
double selection of Fig. 2 the source state 0 is connected
with the first ancilla 1, and the first ancilla 1 with the
second ancilla 2 for the optimal error detection and post-
selection. On the other hand, in the protocol of Ref. 12 both
of the two ancilla states are connected with the source state
by the CNOT gates in the same direction. This setup is
adopted for the error correction to provide deterministically
one purified state from three copies, which is efficient for the
yield of purification. It, however, cannot remove fully the
detectable errors, providing even lower fidelity than the
single-selection protocol see also a discussion in Sec. III.
Generally, protocols based on postselection provide high fi-
delities and high noise thresholds, but exponentially dimin-
ishing yields as the size of purified state increases. Here, we
aim to purify entangled states of relatively small size such as
the EPR pair and the Steane seven-qubit code state, achiev-
ing a high fidelity and a high noise threshold with a tolerable
yield.
C. Performance analysis
We now compare the single and the double selections in
performance by considering the minimum fidelity required
for the quantum communication channel, the maximum
achievable fidelity of purified states, the working range for
the noise of local operations, and the EPR resources con-
sumed to achieve a target fidelity.
The EPR pairs of 0 are shared initially through a noisy
communication channel C as
C = Fch + 	
i=1
3
richi  0i  0, 13
where Fch and rich with ch
1−Fch and 	i=1
3 ri=1 represent
the channel fidelity and error probabilities, respectively.
Then, the purification is started for a Bell-diagonal state
C0 as a noisy EPR pair with the state vector
F0 = Fch,r1ch,r2ch,r3ch . 14
By operating the purification map A S or D recursively, the
state vector Fn after the nth round is given by
Fn = AFn−1 . 15
The behavior of the Bell-diagonal states through the purifi-
cation rounds is as follows. First, suppose that the errors of
local operations are sufficiently small, that is, inside the
working range. Then, if the initial fidelity F0
0
=Fch is higher
than some threshold value Fmin the minimum required fidel-
ity, the state vector Fn approaches a fixed point in R4 with
a fidelity Fmax the maximum achievable fidelity, which is
higher than Fch Fmin. On the other hand, if FchFmin,
Fn goes to another fixed point Fmix= 1 /4,1 /4,1 /4,1 /4
representing the completely mixed state. Next, if the errors
are outside the working range, the purification map no longer
admits the fixed point for Fmax. Then, irrespective of the
value of Fch, Fn goes to Fmix, that is, the purification turns
out to be impossible. We have checked these behaviors by
numerical calculations. The values of the initial fidelity and
error parameters have been taken by scanning over 1 /4
Fch1 and 0pg , pm0.3, where pij = pg /15 ij00
and p00=1− pg are adopted typically for the CNOT gate errors.
Then, by tracing the transition of the Bell-diagonal states
round by round according to the purification map, Fmin, Fmax,
and the working range have been determined numerically, as
done in the preceding study for the protocol with single se-
lection 4. Here, as in the Oxford protocol 9, the twirling
operation to depolarize Bell-diagonal states to Werner states
is not made in each round since the twirling with imperfect
operations really lowers the achievable fidelity 4.
In the following, we show the results of numerical calcu-
lations on the performance of the present protocol, where a
Werner state with ri=1 /3 is taken initially in Eq. 14 as a
typical case. Similar results are obtained for general Bell-
diagonal states with various ri, as discussed later.
In Fig. 3, Fmax upper curves and Fmin lower curves are
plotted as functions of the error probability p, where p= pg
FIG. 2. Bipartite entanglement purification with double
selection.
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= pm are taken for definiteness. The double selection clearly
achieves higher fidelity Fmax with lower minimum required
channel fidelity Fmin compared with the single selection Ox-
ford protocol 4,9. The working range of pg , pm is shown
in Fig. 4. The purification is implemented successfully for
FchFmin to achieve Fmax if pg , pm is below each threshold
curve. The point on the threshold curve for p= pg= pm really
corresponds to the intersection point of the curves of Fmin
and Fmax in Fig. 3. It is found that the double-selection
scheme has higher thresholds the wider working range for
the errors of local operations than the single-selection
scheme. We may also take pi0= p0i=qi and pij =qiqj
i , j0 for the error parameters, as adopted in Ref. 18.
Then, we estimate the threshold values 3.7% and 4.2% of pg
qi= pg /3 with pm=0 for the single and double selections,
respectively. The threshold value for the double selection is
closer to an upper bound 5.3%, which is derived under some
reasonable assumptions in Ref. 18. The real bound would
be located around 5% although it is outside our scope to
determine it.
Here, we mention that the same achievable fidelity Fmax is
obtained even if general Bell-diagonal states with various ri
in Eq. 14 are taken initially. This is because Fmax is given
as the fixed point of the purification map, which is charac-
terized by the local operations independently of the initial
Bell-diagonal state. On the other hand, the minimum re-
quired channel fidelity Fmin and the working range of
pg , pm depend slightly on the choice of initial state. We
have confirmed these features numerically by sampling the
initial Bell-diagonal states with various ri.
We next compare the yields of the two purification proto-
cols. In the purification with imperfect local operations, the
yield YAF ,Fch is defined as the inverse of the number of
EPR pairs consumed to achieve a target fidelity F 1 un-
der the channel fidelity Fch 16. It is calculated for each
protocol A=S ,D as




where nAF ,Fch denotes the minimum number of rounds,
which is required to achieve the fidelity F; pAFn−1 de-
notes the probability to pass the purification procedure in the
nth round, as given in Eqs. 9 and 12; and NA denotes the
number of EPR pairs consumed in each round NS=2 and
ND=3.
We plot in Fig. 5 the yield YAF ,Fch=0.8 as a function
of the target fidelity F for each protocol with pg= pm=0.02
upper curves and pg= pm=0.04 lower curves. By using
less noisy local operations with pg= pm=0.02, both protocols
provide comparable yields to achieve F0.9, where the
numbers of purification rounds are nS=4 single and nD=2
double, respectively. On the other hand, even when noisier
local operations with pg= pm=0.04 are used, the double-
selection protocol still provides a reasonable yield to achieve
F0.9, where nS=16 and nD=4. Since the double selection
uses three EPR pairs in each round, it may be thought to cost
more resources than the single selection with two EPR pairs
in each round. However, as seen in the above, the double
selection provides a comparable or even better yield. This is
because, by making the optimal error detection with two an-
cilla EPR pairs, the double selection can increase the fidelity
of the source EPR pair considerably faster than the single
selection, which will be discussed in the next section.
III. PURIFICATION FIDELITY LIMITED
BY UNDETECTABLE ERRORS
Here, we discuss on general grounds how the errors of






















FIG. 3. Maximum achievable fidelity Fmax upper curves and
minimum required channel fidelity Fmin lower curves are plotted













FIG. 4. Working range pg , pm of local operations. Each puri-
fication protocol A S or D achieves Fmax for FchFmin when the
error probabilities pg and pm are below the threshold curve solid
















FIG. 5. The yield YAF ,Fch=0.8 is plotted as a function of the
target fidelity F for each protocol with pg= pm=0.02 upper curves
and pg= pm=0.04 lower curves.
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cally, it is shown that some of the errors introduced by the
gate operations in the final stage of purification are left as
intrinsically undetectable. The double selection is indeed a
simple method to remove all the detectable errors, other than
the intrinsically undetectable ones, in the first order. Thus, in
the low-noise regime it achieves the general upper bound on
the purification fidelity, which is placed by the undetectable
errors.
The final stage of any protocol of bipartite entanglement
purification may be viewed as the combination of two bilat-
eral CNOT gates, as shown in Fig. 6, or its variants as con-
sidered later. We inspect these final CNOT gate operations in
Alice’s site to observe the undetectable errors which are left
on the output source qubit s. The same argument is made
in Bob’s site. Passing through the final two gates, the pre-
ceding i
s errors i=1,2 ,3 on the source qubit s are
propagated to either or both of the ancilla qubits a1 and
a2. It is possible that a1
a2. Thus, these preceding
errors are all detectable, and they can be removed by post-
selection after measuring the ancilla EPR pairs a1 and a2
in some appropriate way. The fidelity is limited ultimately by
some of the errors introduced by the final two gates them-
selves black stars in Fig. 6, which are intrinsically unde-
tectable without leaving any information on the ancillae. As
for the errors of the second-to-final CNOT gate, the 3
s
0
a2 error with the probability p30 is undetectable since
3
s is not propagated to ancilla a1, commuting with the
final CNOT gate. The 1,2
s
0




a2 errors, on the other hand, affect ancillae




a1 errors of the final CNOT gate with the probabilities
pi0 are also undetectable since the output source s does not
interact with any other ancillae afterward by definition of
the “final” CNOT gate. By subtracting the probabilities of
these undetectable and thus irremovable errors at each party,
an upper bound on the fidelity is placed in the first order as




where N=2 Alice and Bob for bipartite entanglement puri-
fication. Similar arguments are made for N-partite entangle-
ment purification to derive this upper bound. Note that the
measurement error is not involved in Eq. 17. A portion of
the component of the right state 0 may be discarded due to
the errors in measuring the ancillae for verification. This
slight reduction in the right state is, however, cancelled in the








, which affect only the
ancillae, do not contribute either to Fupper in the first order by
the same reason as the measurement errors.
In another protocol the final two CNOT gates may be ex-
changed in Fig. 6. This is actually the case in the recurrence
protocols considered in Sec. II when the purification proce-
dure is finished at an even round. Similarly, by observing
the undetectable errors, we obtain an upper bound on the
fidelity as




We note for completeness that if the final two CNOT gates are
set in the same direction e.g., both the CNOT gates are con-
trolled by the source qubit one of the preceding i
s errors
on the source qubit cannot be detected, commuting with both
the final two gates, to lower the fidelity. These upper bounds
Fupper and Fupper coincide with each other for the uniform
distribution of the gate errors pij = pg /15 ij00. In general,
the upper bound is given by maxFupper ,Fupper  depending on
the error distribution; in a recurrence protocol one should
determine whether the purification procedure is finished at an
even or odd round. Other two-qubit Clifford gates instead of
CNOT gates may also be used. Then, we obtain a similar
upper bound with a suitable permutation among pij’s in Eq.
17 or Eq. 18 by counting the undetectable errors.
The recurrence protocols considered in Sec II, with either
single or double selection, have the setup as shown in Fig. 6
by the exchange of the directions of the CNOT gates in each
round. In the single selection Fig. 1, however, the 3 1
error on the ancilla 1 cannot be detected by the Z X
measurement, while the 1 and 2 2 and 3 errors are
detected. The double selection Fig. 2 is designed to detect
even the 3 1 error on the primary ancilla 1 a1 and
a2 by using the secondary ancilla 2 not shown explic-
itly in Fig. 6. The errors on the source s are detectable if
they leave any information on ancillae a1 and a2, that is,
the ancilla errors play as the tracers of the source errors, as
discussed so far. Thus, in the double-selection protocol all
the detectable errors on the source s are removed by detect-
ing fully the errors on ancillae a1 and a2 in the first order
with the help of the extra ancillae. The upper bound on the
fidelity is almost saturated as
Fmax
D
= Fupper − Ope
2 19







. This estimate has been confirmed by the numerical cal-
culation for pg2% almost independent of pm5% in
Sec. II see Fig. 3.




a2 of the second-to-final CNOT gate





not detected by the X measurement of ancilla a2. As a
result, these two 3 errors are left on the source s after the
FIG. 6. Setup of a protocol of bipartite entanglement purifica-
tion. An upper bound on the fidelity is determined in the first order
by the undetectable errors indicated by black stars introduced by
the final two CNOT gates. Similar bounds are obtained with other
configurations of two-qubit gates.
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second-to-final round of purification. This is just the same for
ancilla a1. The two 3 errors on ancilla a1 are not de-
tected by the Z measurement of ancilla a1, and they are
propagated to the source s as the two 3 errors through the




of the final CNOT gate are not detected either by the Z mea-
surement of ancilla a1. Due to these would-be detectable
errors, but are not detected in practice, the achievable fidelity






− N6/15pg − Ope
2 , 20
with pij = pg /15 ij00. This estimate on FmaxS in the low-
noise regime has also been confirmed by the numerical cal-
culation in Sec. II.
The above limitation on the achievable fidelity, which is
due to the errors introduced by some gate operations in the
final stage, is applicable to a wide variety of purification
protocols. The purification protocols proposed so far
4,8–17 do not achieve the fidelity higher than Fmax
S of the
single selection. Specifically, in the protocol of Ref. 12 for
large two-colorable graph states, which has an apparently
similar setup to the double selection, the source state is con-
nected with the two ancilla states by the two CNOT gates in
order to extract sufficiently the error syndrome of the source
state for the error correction. It is, however, realized that this
setup just implements twice the error detections for the
single selections. The ancilla states are not inspected by
using other ancilla states and CNOT gates. This is clearly
different from the double selection. Furthermore, one of the
preceding errors on the source state cannot be detected, com-
muting with the two CNOT gates set in the same direction, as
discussed so far. As a result, the achievable fidelity of this
protocol 12 becomes lower than that of the single-selection
protocol 11.
In the protocol of Ref. 17, N−1 EPR pairs are purified
from noisy N EPR pairs by the single selection in order to
improve the yield under perfect local operations for N3.
An N to N−2 protocol with double selection may be consid-
ered as an extension to improve the achievable fidelity. How-
ever, the coincidence of all successful operations is required
to pass the verification process with either single or double
selection. Thus, as N increases the success probability for
purification decreases substantially due to the multiple errors
in the N to N−1 or N to N−2 protocol. This indicates that
the yield is not improved significantly in this sort of exten-
sion under imperfect local operations. We have made some
numerical calculations for the 3–2 protocol with single selec-
tion and for the 4–2 protocol with double selection. The
resultant yields Y F=0.9, Fch=0.8 with pg= pm=0.01 are
0.025 and 0.085 for the 3–2 single and 4–2 double pro-
tocols, respectively, while Y =0.15 and 0.085 for the usual
2–1 single and 3–1 double protocols, respectively. On the
other hand with pg= pm=0.02, the 3–2 single protocol can-
not achieve F=0.9, and Y =0.030 for the 4–2 double pro-
tocol, while Y =0.060 and 0.055 for the usual 2–1 single
and 3–1 double protocols, respectively. These results sup-
port the argument that this sort of extension does not im-
prove the yield under imperfect local operations. Optimiza-
tion for yield might be possible by combining the double
selection with some appropriate methods, although it is be-
yond our scope.
The triple or more selection by using three ancilla EPR
pairs also removes fully the detectable first-order errors,
achieving the same Fupper in the low-noise regime as the
double selection. It may further remove the higher-order er-
rors to improve the fidelity and the noise threshold. We have
considered a protocol with triple selection, which has a better
noise threshold of 4.9% approaching the upper bound 5.3%
18, although it is not a purpose of the present study to
pursue this possibility.
IV. MULTIPARTITE ENTANGLEMENT PURIFICATION
Recently purification is applied to a large class of multi-
partite entanglements including two-colorable graph states
11,12,14,15. We can extend the present double-selection
scheme for multipartite entanglement purification. Specifi-
cally, here we consider the purification of two-colorable
graph states.
A graph is a set of vertices V connected in a specific way
by edges E. Then, a stabilizer operator Kj is defined associ-
ated with each vertex Vj as
Kj = Xj 
k,jE
Zk, 21
where Vk are the neighboring vertices connected with Vj by
edges and the Pauli operators Xj and Zk X
1 and Z
3
act on the qubits on Vj and Vk, respectively 19. A graph
state 	1	2¯	N is an eigenstate of this set of stabilizer
operators as
Kj	1	2 ¯ 	N = − 1	j	1	2 ¯ 	N 	 j = 0,1 .
22
Especially, here we consider graph states associated with a
two-colorable graph where the vertices are divided into two
sets colors A and B in such a way that no vertices within
one set are connected by edges. Namely, two-colorable graph
states are described as
A,B , 23
where A and B denote the sets of the eigenvalues of the
stabilizers with colors A and B, respectively.
The entanglement purification with double selection for a





is implemented as follows see Fig. 7:
i Alice, Bob, . . ., Nancy share three identical two-
colorable graph states 0, 1, and 2 through a noisy
quantum channel. This means that the qubits at each party
have the same color, i.e., the party has its own color A or B.
ii They operate a multilateral CNOT gate on 0 and 1,
where for color A 0 and 1 are taken as the control and
the target, respectively, while for color B 0 and 1 are
taken as the target and the control, respectively
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iii Next they operate a multilateral CNOT gate on 2 and
1, similarly to the case of 0 and 1.
iv They make multilateral measurements, where for
color A 1 and 2 are measured in the Z and X bases,
respectively, while for color B 1 and 2 are measured in
the X and Z bases, respectively. The party i with color A




, while the party j





 , =0, 1.
v They keep 0 if for all of them i and j i2
	k,iEk
2
















 denotes bitwise addition modulo 2.
They iterate procedures ii–v by using the output states
which survive the selection in procedure v as the input
states for the next round where the X and Z bases of their
reference frames are exchanged with a Hadamard transfor-
mation. Note in Fig. 7 that the source state 0 and the two
ancilla states 1 and 2 are connected by the two multilat-
eral CNOT gates in the same way as the bipartite case for the
double selection to remove fully the detectable errors on 0
in the first order. This setup is distinct from that of Ref. 12.
We apply this double-selection protocol specifically to the
Steane seven-qubit code state a CSS code state as an ex-
ample of two-colorable graph states and compare it in per-
formance with the Aschauer-Dür-Briegel ADB protocol of
single selection 11. We consider a multiparty communica-
tion situation, where the N-qubit two-colorable graph states
of 0A ,0B are shared through N identical noisy channels
CN. Then, the noisy copies of in=CN0A ,0B0A ,0B are
purified with the noisy CNOT gates and measurements. We
have simulated directly the noisy operations on the code
states in the communication channels and the purification
procedures by using the Monte Carlo method. It is very
complicated in the high-dimensional space to provide the
purification map in terms of the transition probability tensor.
The fidelity of the purified state  is measured by
F, 0A,0B = 0A,0B0A,0B . 25
If the initial fidelity
Fin 
 Fin, 0A,0B = Fch7 + O„1 − Fch3… 26
is higher than Fmin, we can achieve the fidelity Fmax by iter-
ating the purification procedure.
The resultant maximum achievable fidelity Fmax and the
minimum required initial fidelity Fmin are plotted in Fig. 8
for the Steane seven-qubit code state 0A ,0B= 0L as func-
tions of the error probability p= pg= pm, where ri=1 /3 is
taken typically for the error probabilities of the noisy com-
munication channel C in Eq. 13. As expected, the double
selection achieves the considerably higher fidelity Fmax with
lower minimum required initial fidelity Fmin in comparison
with the single selection 11. It really saturates the upper
bound Fmax
D Fupper=1–74 /15pg for N=7 with pij = pg /15
ij0 of Eq. 17 in the low-noise regime. The noise
threshold for the local operations is also improved from
5.9% single to 8.2% double for p= pg= pm. It is also seen
in Fig. 9 Fin0.48 for Fch=0.9 typically that both schemes
provide comparable yields, similar to the bipartite case. The
yields are, however, significantly lower than those of the
bipartite case. This is because the coincidence of the more
measurement outcomes is required in the multipartite case so
that the success probability of postselection is reduced.
The two-colorable graph states, including CSS code states
and cluster states, play important roles in quantum computa-
tion as well as quantum communication. Then, these results
really indicate that the double selection is profitable also in
quantum computation. In fact, encoded ancilla qubits are
used to stabilize a computation in a fault-tolerant way, and
the performance of computation highly depends on the fidel-
ity of these ancilla qubits 20,21. In the usual fault-tolerant
context 21–23, these encoded ancilla qubits are prepared
through the single selection. Thus, the double selection has a
good potential to improve the noise threshold of fault-
tolerant computation. The verification process with double
selection is used in fault-tolerant computation with concat-

















FIG. 8. Maximum achievable fidelity Fmax upper curves and
minimum required initial fidelity Fmin lower curves for the Steane
seven-qubit code state 0L are plotted as functions of the error


















FIG. 9. The yield YAF ,Fch=0.9 is plotted as a function of the
target fidelity F for each protocol with pg= pm=0.02 upper curves
and pg= pm=0.04 lower curves.
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enated construction of verified logical cluster states, where a
considerably high noise threshold of 3% is achieved 24.
We will discuss elsewhere further applications of the double
selection for quantum computation.
V. CONCLUSION
We have investigated entanglement purification with
double selection under imperfect local operations. It has been
shown that the double-selection protocol improves signifi-
cantly the purification performance compared with the usual
protocol with single selection. That is, the double-selection
protocol has higher noise thresholds for the local operations
and communication channels and achieves higher fidelity of
purified states. It also provides a reasonable yield compa-
rable to or even better than that of the single selection. It has
been shown that the purification fidelity is limited by the
intrinsically undetectable errors, which are introduced by the
final gate operations. The double selection is a simple
method to remove certainly all the detectable errors in the
first order so that it achieves the upper bound on the fidelity
in the low-noise regime. The double selection has been fur-
ther applied to the purification of multipartite entanglement,
specifically two-colorable graph states. The improvement of
the fidelity and noise threshold has been shown for the Ste-
ane seven-qubit code state as a typical example. The double
selection can be extended for various graph states in the
same way. These results really indicate that the double selec-
tion is profitable for entanglement-based protocols. Since
multipartite entangled states, such as CSS codes and cluster
states, play important roles in quantum computation as well
as quantum communication, the double selection has a good
potential to improve the performance of quantum
computation.
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APPENDIX: TRANSITION PROBABILITY TENSORS
The transition probability tensors to characterize the puri-
fication maps are calculated by tracing the linear transforma-
tions of Bell states through the purification procedures. In the




1 before the postselection is given as
S˜ i0   j1 = S˜klijk0  l1, A1
which provides S˜ 0 1=FiFjS˜klijk0l1. This map






, the error effect on the ancilla b
1 in the
bilateral Z measurement Mb1=Mlbl1, and the bilateral
Hadamard operation Ha0=Hkak0 to describe mathemati-









The noisy bilateral CNOT gate Gkm
ij is decomposed into the
ideal one Uab











The ideal bilateral CNOT gate operation U2
UAUB with






’s. To find Uab
ij we use suit-
ably the graph-state representation as
i 
 I  H	A
i
,	B





i  = 0,0,1,0,1,1,0,1 A5
for i=0,1 ,2 ,3, respectively. The action of bilateral CNOT













j 1, is denoted simply as
U˜ i   j = 	Ai ,	Bi  	Bj   	Ai  	Aj ,	Bj  . A6
Then, the permutation is read as
Uab
ij
=1 i   j = U˜ a  b0 i   j U˜ a  b . A7
For example, U22
13
=1 for U˜ 22= 1,1 1,1=1
3= 1,0 0,1, and Uij
13
=0 for the others, providing
U21031=Uij13i0 j1=2021. The noise map





Na0  b1 = 	
ij
pijia








where i and  j act on the control and target qubits at the
party, respectively. This formula is applied equally to the
CNOT gate operations by Alice and Bob. The operations by i
and  j in Eq. A8 induce the permutations among the Bell
states as Pia=iai=c, which are given explicitly by
P0 = 0 1 2 30 1 2 3 , P1 = 0 1 2 31 0 3 2  ,
P2 = 0 1 2 32 3 0 1 , P3 = 0 1 2 33 2 1 0  , A9




= pijac Pi,bd Pj , A10
e.g., N10
00
= p10 for ac= 01 and bd= 00, and so on. Then,
the bilateral combination of the deporalizing errors is given
by
NBNAa0  b1 = Nkmcd Ncdabk0  m1, A11
where NA and NB represent the noise maps of Eq. A8 at
Alice and Bob, respectively.
The imperfect Z measurement by each party can be de-
scribed equivalently as a sequence of a noise map
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Me = 1 − pm00 + pm11, A12
and the ideal measurement with the projection operators
00 and 11. This is because the action of the POVM
operators Ek in Eqs. 5 and 6 is reproduced by kkMe as
TrEk=TrMekk=TrkkMe k=0,1 4.











= 1 − pm bf P0pm bf P1
0 bf P2,P3 .
 A14







where the single operation Ha=he










=0 for the others. This operation pro-
vides mathematically the inversion of the direction control
and target of the CNOT gate in the next round, and the per-
mutation of the error parameters is induced accordingly as
pij → pij i = H jH, j = HiH , A16
that is, the components are exchanged as i↔ j and then 1↔3
round by round. The uniform error distribution is specifically
invariant as pij = pij = pg /15 ij00.
After all the transition probability tensor Si
jk of the single
selection is obtained by picking up the right states 0
1 and
3
1 l=0,3 from S˜ 0 1=FjFkS˜iljki0l1, which







where the error parameters pij and pm are included as seen so
far. By taking the uniform error distribution pij = pg /15 ij
00 and then setting pg= pm=0, this formula of Si
jk for the
single selection really reproduces the purification maps pre-
sented in the preceding studies with imperfect 4 and perfect
8,9 local operations, respectively.
Similarly, the purification procedure of the double selec-























provides the noise effect in the bilateral X measurement.
Then, the transition probability tensor of the double selection
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